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The transmission characteristics of a spherical (possibly multilayered) particle of arbitrary size
under focused illumination are discussed within the generalized Lorenz-Mie theory. Expressions
generalizing the total extinction and scattering cross-sections to their fractional counterparts are
presented which allow for a convenient modeling of transmission signals, both on-axis and off-axis.
The strong dependence of the signal on the collection angle and the complex polarizability are
readily included in this minimal, yet accurate model. The precise signature of the energy redistri-
bution and absorption are found for particles of arbitrary complex-valued polarizability. For perfect
dielectrics, a transition from sensitive extinction to insensitive scattering signals is observed and
quantified for apertures including angles larger than twice the beam’s angle of divergence. Impli-
cations for positioning, temperature control, spectroscopy and optimized extinction measurements
are discussed.
I. INTRODUCTION
The optical transmission signal of spherical particles
under focused coherent illumination is an informative
and conveniently measurable quantity in transmission
microscopy setups, see Fig. 1. The power of the transmit-
ted electromagnetic beam is detected in the far-field us-
ing a single photodetector and can be understood as the
self-interference of the incidence beam with the scattered
field [1, 2]. Using the spatial modulation spectroscopy
(SMS) technique [3–6], the method is very sensitive and
well-suited for particle extinction spectroscopy. For sin-
gle molecules the system is better described by a two-
level-system or a classical perfect dipole and may exhibit
practically no absorption but strong scattering and even
perfect reflection [7]. Under certain conditions, metal-
lic nanoparticles exhibit similar characteristics [8, 9]. A
transmission microscopy setup may also be used as a pho-
tothermal microscope to indirectly detect single absorb-
ing particles via the creation of a thermal lens with the
introduction of a second focused pump laser [10, 11, 19].
Such interference microscopy schemes have been mod-
eled in the Rayleigh-limit of small particles as compared
to the wavelength of light, i.e. R  λ. The plasmonic-
relevant case of a complex-valued polarizabilities was first
done by Taubenblatt and Batchelder [1] and also re-
cently by Hwang and Moerner [2], who considered parti-
cles placed on the optical axis only. Especially the lat-
ter treatment unveiled the important role of the particle
placement within the focal region and revealed the exis-
tence of two kinds of shapes, dip-like and dispersive, for
the signal. Similar to perfect dielectric particles [14], the
transmission signal off resonance must not be minimal
if the particle is in-focus and that, in general, an ax-
ial signature is obtained showing characteristics of both
patterns. However, these approaches take only the exper-
imentally less important case of detection with a low nu-
∗ Corresponding author: selmke@rz.uni-leipzig.de
merical aperture microscope objective, i.e. NAd = 0, and
point-like particles into account. On the other hand, the
corresponding high-NAd treatments for idealized dipole
scatterers and two-level systems [7, 15] cannot be di-
rectly transferred to absorbing induced-dipole (Rayleigh)
scatterers [9]. For large particles R & λ/20 or complex-
valued polarizabilities the situation is more complicated.
A quantitative but laborious description in the frame-
work of vectorial focusing and coherent scattering has
been given by Rohrbach and Stelzer [16] and later for
Laguerre-Gaussian beams by To¨ro¨k et al. [17]. Further,
the work by Lerme´ et al. [4, 18] provided analytical ex-
pressions for the transmitted powers and angular distri-
butions of transmitted intensities important for SMS in
a multipole expansion of the fields. A similarly rigor-
ous approach based on the vectorial diffraction frame-
work was chosen for the treatment of perfect dipoles and
nanoparticles under tight focusing in Ref. [9]. However,
both works do not consider the axial particle placement
in the focal region nor discuss the crucial role played by
the collection angle.
Within the framework of the generalized Lorenz-Mie
theory (GLMT) [20, 21] a minimal yet accurate descrip-
tion for a particle of arbitrary size positioned arbitrarily
within the focal region is accessible and simplifies mat-
ters considerably, especially for focused Gaussian beams
[24] and small particles. While it is common to evaluate
the total energy fluxes associated with particle scattering
in terms of (total) cross-sections, only fractions of these
fluxes can be measured in a microscope setup. It is the
aim of this paper to supplement the versatile and accu-
rate framework of the GLMT by convenient and compact
expressions that allow the computation of such trans-
mission signals commonly encountered in single particle
(photothermal) microscopic and spectroscopic investiga-
tions. A simplification of the rigorous theory provides in
detail the missing link to a simple concept of a driven
dipole field interfering with the incident field. The ex-
act signature of a partial energy redistribution is found.
Also, In view of the various misconceptions regarding
either the amplitudes and phases involved [2] or the ne-
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2glect of the energy redistribution character of the signal
[14, 19], some clarification of the details of the physical
signal origin appear to be in order.
FIG. 1. Schematic of a transmission microscope setup. The
two microscope objective lenses L1 and L2 form an afocal sys-
tem with a focal plane inside the sample S intersecting the op-
tical axis OA at the origin O. The transmitted and scattered
beam is collected by L2 up to an angle θmax (dashed area,
determined by the numerical aperture NAd = nm sin (θmax))
and imaged via lens L3 onto a photodetector measuring Pd.
II. THEORETICAL BACKGROUND
A. Interference of a driven multipole
The general picture of what happens in a transmis-
sion microscope setup is readily illustrated considering
a Gaussian beam incident onto a small and electrically
polarizable particle. The incident beam acquires a total
phase advance of φG → pi as compared to a plane wave
in the far field due to the Gouy-effect [2]. Half of this
value is accumulated up to the focal point, and the other
half behind it. Depending in the particle’s optical prop-
erties, the driven dipole radiates a scattered field with a
certain phase lag relative to the local phase of the inci-
dence beam. The result is a standing wave in backwards
direction and a total phase-difference in the forward di-
rection which is determined by the particle properties and
its position in the beam. The interference can either be
constructive or destructive [2, 22], leading to a reduced
or enhanced transmission signal, see Fig. 2. If a nanopar-
ticle represents the oscillator, a resonant excitation will
further lead to a net energy-uptake, i.e. absorption, fur-
ther accounting for the reduced transmission. Consider-
ing the steady-state Poynting theorem ∇·St+Ei ·J = 0,
the absorbed energy accounts for the work done by the
field on the driven charge carriers [12], which constitute
a current density J against the instantaneous direction
of the field for finite phase lags φsca. For a perfect di-
electric the relative phase of the scattered field is zero
and the dipole oscillates in-phase and loss-less. If no ab-
sorption takes place, the situation simply represents an
energy redistribution via interference.
For larger particles the concept of a polarizability is
no longer sufficient as higher order multipoles then con-
tribute. However, the general situation is similar in
a way that both absorption and energy-redistribution
determine the transmission of an illuminating focused
beam. In addition, scattering becomes important and
in the case of focused illumination it even accounts for
near field shadow effects [23]. The energy-redistribution
for metallic particles then transitions to the extreme of a
backwards reflection according to the Fresnel coefficients
and a near-perfect cancellation in the forward direction,
both accounted for by the multipolar scattered field, see
Fig. 2b).
B. Theory of transmission signals in the GLMT
The generalized Lorenz-Mie theory (GLMT) [20, 21]
and its extension to multilayered spheres describes the
exact solution to the Maxwell equations for a scatter-
ing process with a shaped time-harmonic beam. As the
theory solves for the scattered electromagnetic fields Es
and Hs, the resulting total field Et = Ei + Es may be
used to compute associated fluxes of electromagnetic en-
ergy in a given direction, see Fig. 2. This allows a precise
modelling of what has been introduced only qualitatively
above.
The radial component of the total field’s Poynting vec-
tor St = Et ×Ht ≡ Si + Ss + Sext describes this energy
flux, and may be evaluated in the far-field as a time-
average 〈〉t to find the power contained within a polar
angle θmax:
Pd = lim
r→∞
∫ 2pi
0
∫ θmax
0
r2 eˆr · 〈St (r, φ, θ)〉t dΩ. (1)
In the language of Mie theory, the total power is typ-
ically decomposed into three constituents according to
Pd = Pinc + Psca + Pext = I0 [σinc + σsca − σext], i.e. in-
cidence, scattering and extinction, respectively. The lat-
ter term represents the interference of the incidence and
the scattered field. The measurable quantity of interest
is the relative signal compared to the background, i.e.
Pd = Pinc when no particle is obstructing the beam,
Pd
Pinc
− 1 = ∆Pd
Pinc
=
σsca (θmax)− σext (θmax)
σinc (θmax)
. (2)
The incident beam field is represented as a series of eigen-
functions satisfying the Maxwell equations and is speci-
fied by a set of expansion coefficients, which in case of an
axisymmetric beam are the single-indexed beam shape
coefficients (BSCs) gn. For plane-waves they are unity,
i.e. gn = 1. The most convenient assumption for a fo-
cused illumination is the Gaussian beam,
Ei (ρ, z) ≈ −eˆxE0 exp (−ikz)
1− iz/zR exp
( −ρ2/ω20
1− iz/zR
)
, (3)
with a beam waist ω0, Rayleigh-range zR = kω
2
0/2 and
wavenumber k = nm2pi/λ in the embedding medium
3a)
b)
FIG. 2. Scattering and interference of a focused Gaussian
beam by a AuNP with R = 100 nm in a medium with
nm = 1.46. The scattered field |Es|2 (blue dashed con-
tours) interferes with the incident beam (red / green) to a
total field (black contours |Et|2 and Poynting vectors St).
a) Non-resonant illumination with a beam at λ = 635 nm
and beam-waist ω0 = 281nm. The quasi static polarizability
is α635 = (2.28− 1.60i) × 107 nm3. b) Same as a), but for
R = 500 nm > ω0. The incident beam is almost entirely re-
flected forming a standing wave. The scattered field acts as a
compensating field in the forward direction where Es ≈ −Ei.
with index of refraction nm. The Gouy phase φG =
arctan (zp/zR) is contained in the exponential prefactor.
Accordingly, the axial intensity profile is described by a
Lorenzian, I = I0/
[
1 + z2/z2R
]
. The following BSCs well
describe the incidence field [21, 24]:
gn = Q exp
(−Qs2 [n− 1] [n+ 2]) exp (−ikzp) . (4)
Herein, Q = (1− izp/zR)−1 and the beam-confinement
factor is defined as s = ω0/ (2zR), which is the ratio
of the lateral to the axial extent of the beam focus.
This quantity is related to the half-angle of divergence
θdiv = 2/kω0 = 2s. Actually, these BSCs are based on
the first-order Davis beam, i.e. the corrected Gaussian
beam, but anticipate even higher order terms. The ax-
ial coordinate of the particle relative to the beam-waist
position has the following sign-convention: zp < 0 corre-
sponds to a particle being positioned in the converging
part of the focused beam, i.e. in front of the beam waist
in the direction of beam propagation, see Fig. 1. The
fractional cross-sections as defined via eq. (1) simplify to
[10, 11]:
σinc =
pi
k2
2
θ2div
[
1− exp (−2 tan2 (θmax) /θ2div)], (5)
σsca =
pi
k2
∫ θmax
0
[|S1(θ) |2 + |S2(θ) |2] sin (θ) dθ, (6)
σext =
pi
k2
∫ θmax
0
R (M∗(θ) [S1(θ) + S2(θ)]) sin (θ) dθ. (7)
Eq. (5) represents an approximation for a paraxial Gaus-
sian beam and θmax ≤ pi/2 only. For an arbitrary ax-
isymmetric beam see Appendix Eq. (37). The total cross-
sections σpi− are contained in the above expressions in the
limit θmax = pi and can be expressed by sums over all
multipoles n [20]. In this case, Eq. (1) represents an en-
ergy balance with the absorbed power −Pabs = −I0σpiabs
replacing Pd. In the previous expressions, the LM scat-
tering functions S1,2 (θ) and an additionally defined aux-
iliary function M (θ) describing the interference contri-
bution are:
S1 =
∞∑
n=1
Nn gn [anΠn (θ) + bnτn (θ)] , (8)
S2 =
∞∑
n=1
Nn gn [anτn (θ) + bnΠn (θ)] , (9)
M (θ) =
∞∑
n=1
Nn gn [Πn (θ) + τn (θ)] , (10)
with Nn = [2n+ 1] / [n (n+ 1)]. The usual Mie scatter-
ing coefficients [25] an and bn can be substituted by the
the outmost layer scattering coefficients for multilayered
particles. A public c-code provides these conveniently,
see Ref. [26]. The occurring angular functions Πn (θ) and
τn (θ) can be determined recursively and the expressions
may be found in the same reference.
III. INTERFERENCE SIGNALS IN THE GLMT
In view of the physical interpretation of each contri-
bution to the detected power, the extinction term is of
special importance as it accounts for the absorption and
further embodies the interference causing a spatial en-
ergy redistribution of the propagating fields. As already
suggested by A. Rohrbach et al. [16], its strong angular
dependence on the collection angle θmax is a consequence
of the changing phase relation between the interfering
incidence and scattered electric fields in dependence on
the polar angle. Using the framework of the GLMT this
energy redistribution may be visualized in the near-field
as well, see Fig. 3a) for the case of a AuNP. The near
field approaches the far-field signal distribution already
for small distances. In the far field, the resulting frac-
tional cross-sections are shown for two particle offsets
in Fig. 3b). The change of the total fractional power
∆Pd (θmax) ∝ σsca−σext shows an initial signature of the
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FIG. 3. Energy redistribution |Et|2 − |Ei|2 (> 0: blue, < 0:
red) for a R = 30 nm AuNP in a Gaussian beam with ω0 =
281 nm at λ = 635 nm, nm = 1.46. a) The particle is offset by
zp = −zR (top), leading to a negative relative transmission
∆Pd/Pinc < 0 and zp = +zR (bottom), resulting in a positive
signal in forward direction. b) Dependence of the fractional
cross-sections as a function of the collection angle θmax. The
dashed gray line shows the divergence angle θdiv ≈ 28◦.
energy redistribution, i.e. interference, in the propagation
direction of the incident beam for angles θ . 2θdiv. Here-
after it is determined by the scattering contribution to
eventually saturate at a negative finite value, correspond-
ing to the power absorbed by the NP. For large parti-
cles the scattering term dominates and even accounts for
a perfect shadow behind an opaque particle completely
blocking a focused beam [23], i.e. for R  ω0, see Fig.
2b).
While the integrands of the fractional cross-sections
σsca and σext in (6) and (7) may be evaluated to find
the angular characteristics, it turns out that the integra-
tion may be done analytically. The necessary definite
integrals have been encountered in plane-wave Mie the-
ory before [27, 28]. We here report the resulting expres-
sions when applied to focused beams in the GLMT, see
appendix Eqs. (34) - (36). These rigorous solutions al-
low a simplification and insight to be gained in the case
of small-particle interference. Especially the important
interference contribution can thus be studied in its de-
pendence on the collection angle θmax, thereby exceed-
ing the capabilities of a simple dipole model. Further,
the expressions provide the means to compute the mea-
surable transmission signals within the framework of the
GLMT for an arbitrary sized-scatterer and speed up the
calculations dramatically as compared to the numerical
procedure reported in our earlier work [10, 11].
A. Small particle approximation (on-axis)
a. The complex-valued polarizability The full solid
angle integration of the electromagnetic power fluxes for
plane wave illumination yields [25] the Rayleigh-results
for small particles, i.e. σRsca ≈ k4|α|2/6pi for the scat-
tering cross-section, σRext ≈ −k I (α) for the extinction
cross-section and consequently σRabs ≈ σRext − σRsca for the
absorption cross-section. They only depend upon the
complex-valued electric polarizability α of the particle,
i.e. the quantity which relates the induced dipole mo-
ment to a homogeneous incident field in p = αEi, with
 = 0n
2
m. For a sphere of radius R the Clausius-Mossotti
result is:
α = |α| exp (iφsca) ≈ 4piR3
n2p − n2m
n2p + 2n
2
m
, (11)
which must be corrected by a radiation-reaction term or
by relating it to the electric dipolar Mie coefficient α =
6pia1/ik
3 [34]. The chosen time-dependence exp (+iωt)
dictates the sign of the particle’s complex refractive index
as np = n− iκ in Eq. (11). The polarizability determines
wether the induced dipole p oscillates (and thereby ra-
diates) with or without a phase-lag relative to the local
polarizing incidence field. For a resonant particle the
imaginary part is negative and large in magnitude such
that φsca = arctan (I (α) /R (α)) ≈ −pi/2, i.e. the phase
of the scattered field lags behind the driving. Far from
resonance or for a perfect dielectric, the induced dipole
radiates in-phase (φsca = 0) and without losses.
b. The scattering contribution & absorption For a
focused beam, the fractional scattering and extinction
cross-sections and the total absorption cross-section are
of interest. The latter one results from the corresponding
energy balance as σpiabs ≈ |g1|2σRabs, i.e. the Rayleigh re-
sult apart from the prefactor. For a Gaussian beam, this
factor is simply proportional to the intensity at the parti-
cle’s position, i.e. |g1|2 ∝ 1/
[
1 + z2p/z
2
R
]
. The fractional
scattering cross-section, Eq. (6), simplifies to
σsca ≈ |g1|
2|α|2k4
48pi
[
4− 3 cos (θmax)− cos3 (θmax)
]
,
(12)
5where the series for the scatter functions S1,2 have been
truncated at the first dipolar contribution corresponding
to n = 1. As usual, it was recognized that the first elec-
tric dipolar Mie scatter coefficient a1 ≈ iαk3/6pi ∝ x3,
whereas the magnetic dipolar coefficient b1 is already of
higher order in the size-parameter x = kR. The frac-
tional scattering cross-sections is related to the Rayleigh-
result for the scattered power within a forward domain
apart from the factor |g1|2, i.e. σsca = |g1|2σRsca (θmax).
The previous expression is the expected result for a
dipole moment p = αEi (zp) induced by the incident
beam field Eq. (3) at the position of the particle. In the
far field, the dipole radiates a time-harmonic field of the
form Ep → [k2/4pi] (eˆr × p)× eˆr exp (−ikr) /r. Indeed,
the scattered field in the forward direction in the GLMT
can be written as (appendix, Eq. (27))
Es (r)→ −eˆxE0
kr
exp (−ikr) g1αk
3
4pi
, (13)
which is the dipole far field as induced by the local Gaus-
sian beam’s electric field Ei (zp) ≈ −eˆxE0g1 (zp), Eq. (3).
Integration of |Ep|2 over the full azimuthal range yields
the GLMT result Eq. (12).
c. The extinction / interference contribution Since
the first scatter coefficient a1 ∝ x3 appears quadrati-
cally in the scatter contribution but linear in the extinc-
tion term, the interference term usually dominates and
therefore determines the shape and magnitude of the rel-
ative transmission signal Eq. (2) for small particles, i.e.
∆Pd/Pinc ≈ −σext/σinc. However, the interference term
of a focused beam requires more multipole orders for a
proper representation of the incidence field. Therefore,
while the scatter functions can still be truncated at the
n = 1-term, one must not do the dame with the sum in
M (θ), Eq. (10). The factional extinction cross-section
finally becomes pik−2R (6a1A), see Appendix. Expressed
via the complex-valued polarizability α this amounts to
σext ≈− k [I (α)R (A) +R (α) I (A)] , (14)
wherein the first part is seen to equal σRabsR (A). In the
above stated result A = A (zp) is a complex-valued am-
plitude which depends on the particle displacement zp.
It is characteristic of the beam used as specified by the
BSCs gn and depends critically on the collection angle.
For a Gaussian beam, the function exhibits a dispersive
imaginary part and a dip-like real part, see Fig. 4a). The
weight of each form comprising the detectable signal is
given by the real and imaginary parts of the polarizabil-
ity.
d. Transmission at small angles For vanishingly
small collection angles θmax ≈ 0, the peaks of the disper-
sive imaginary part are about half in amplitude as com-
pared to the peak-value of the real part. The functional
1.0
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0
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FIG. 4. a) Real (black) and imaginary part (red) of the detec-
tion function A (zp) for low-NAd detection (θmax = 0, dashed
lines) and high-NAd detection θmax = θdiv (solid lines), each
normalized to A (0) = 1. For θmax & 2θdiv the real part
matches the curve for θmax = 0 while the imaginary part
is zero. b) Evolution of the relative transmission signal,
[∆Pd/Pinc]σ
pi/2
inc /kα. For comparison, the blue line shows the
scattering contribution for k3α = 1. c) Plot of the magni-
tudes max (R (A)) (black) and max (I (A)) (red) of the detec-
tion function for different collection angles θmax ∈ [0, pi].
form may then be shown to reduce to (see Appendix)
R (A) ≈θ
2
max
θ2div
1
1 + z2p/z
2
R
, (15)
I (A) ≈θ
2
max
θ2div
zp/zR
1 + z2p/z
2
R
. (16)
Supplementing the fractional extinction, eq. (14),
with the near-forward incidence cross-section σinc ≈
4piθ2max/k
2θ4div for small angles θmax  θdiv, one finds
∆Pd
Pinc
≈ k
piω20
[
I (α)
1
1 + z2p/z
2
R
+R (α)
zp/zR
1 + z2p/z
2
R
]
.
(17)
Again, the GLMT expression simplified to the expected
result for an induced dipole. To see this, consider the far-
field of the incidence beam on the optical axis with which
the dipole field interferes. Using the paraxial Gaussian
field amplitude in Eq. (3), now in a particle-centered co-
ordinate system, one has
Ei (z)→ −eˆxE0izR exp (−ik [z + zp])
z
, (18)
where i accounts for the limiting Gouy phase φG → pi/2.
For the interference, in contrast to the scattering cross-
6section, now the phase φsca of the scattered dipole field in
Eq. (13) relative to the local incidence field becomes im-
portant. While it is tempting to assume a constant phase
shift of the scattered field of +pi/2 according to the Kirch-
hoff diffraction integral in combination with Babinet’s
principle [2], a careful analysis of subwavelength diffrac-
tion by circular apertures [13] in the spirit of Bethe’s
original work shows that such an approach is invalid. In-
stead, this relative phase is determined by the complex
value of the polarizability in Eq. (11). The interference
which determines the relative transmission signal finally
gives
∆Pd
Pinc
≈ 2R(E
i∗ ·Es)
|Ei|2 =
−k
piω20
R
(
iα
1
1− izp/zR
)
, (19)
which identically agrees with Eq. (17). These forms for
the signal in the forward-direction are similar to the one
discussed in Ref. [2]. However, the expressions of that ref-
erence have an additional axially dependent multiplica-
tive factor which is absent here, and the contribution of
each form is now clearly connected to the particle prop-
erty α.
If the polarizability is purely imaginary, a simple dip
in transmission caused by the absorption will be detected
and is maximal for a particle positioned in the focus.
As noted before [2, 22], a destructive interference results
from the phase difference of more than φG − φsca ≥ pi/2
in the forward direction between the scattered (far) field,
radiating with a relative phase lag of −pi/2, and the in-
cidence far field which attains the rest of its total Gouy
phase of pi. If the particle is placed in the focus, this
phase difference amounts to pi. As Eq. (14) shows, for
any collection angle the dip-like feature is the mere result
of a partial detection of the absorption by the particle.
It is therefore fundamentally different from the situation
encountered for a two-level system [22]. The fact that the
transmission signal mirrors the axial dependence of the
absorbed power ∝ σpiabs is here found to originate from the
interplay between 1) the reduction of the dipole-strength
p ∝ Ei (zp) and 2) the exact far field phase-difference
realized at each position.
If the polarizability is purely real-valued, the phase-
difference attained relative to the incidence beam in the
far field depends on the particle position within the beam.
The interference of the scattered and the incident field
causes either a decrease or an increase of transmission
detectable in the forward direction caused by an energy-
flux redistribution. Only for no offset, i.e. if the particle is
placed in the focus, the relative phase-shift in the far field
is exactly φG−φsca = φG = pi/2, leading to a cancellation
of the time-averaged interference over one optical period
2pi/ω, whereby the detected relative signal vanishes.
In general, a metallic nanoparticle will have both
real and imaginary parts of its polarizability. Accord-
ingly, a zero-crossing of the relative transmission signal
is predicted at a finite particle displacement of z0p ≈
−zRI (α)/R (α). This allows the determination of a nano
particle’s absolute position relative to the beam waist if
3.0
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FIG. 5. Axial scans of a R = 30 nm gold nanoparticle with a
complex-valued polarizability α = [7.56− 1.67i]×105 nm3 via
a1 for different collection angles θmax, beam parameters as in
Fig. 3. The signal is dispersive in the near-forward direction
signifying the predominant real part of α. The peak values are
determined by eq. (20). For large collection angles compared
to the beam’s angle of divergence the signal becomes dip-like
due to the imaginary part of α and is determined by eq. (21)
(eq. (22) for a perfect dielectric).
its material properties are known, i.e. to determine the
exact amount of energy absorbed. The maximal signals
are found at z±p = z
0
p ± zR|α|/R (α) with
∆Pd
(
z±p
)
Pinc
≈ k [I (α)± |α|]
2piω20
. (20)
This means, assuming equal magnitudes in polarizabili-
ties, that a resonant particle will cause a dip at zp = 0
twice as large as compared to the maximum signal for an
off-resonant particle at zp = ±zR, see Fig. 4b). This is
a consequence of the reduced intensity at the respective
particle offsets.
e. Transmission at finite collection angles Ar-
guably, the previous discussion could have been done
using the concept of an induced dipole only. However,
inconsistencies arise when such a treatment is extended
to finite collection angles. For instance, a finite interfer-
ence signal is then predicted for perfect dielectric parti-
cles and large collection angles [14], which is inconsistent
with the notion of an energy redistribution without ab-
sorption. The difficulties which arise if one attempts to
take the paraxial Gaussian beam along with a dipole field
are reminiscent of the intricacies encountered by M. Berg
[29] for the fractional extinction even in plane wave scat-
tering. Now, the strength of the GLMT lies in its ability
to evaluate the interference contribution for such finite
collection angles.
In the intermediate regime of a collection angle which is
of the order of the beam’s angle of divergence θmax ∼ θdiv,
the signal behaves in a peculiar way: No longer does the
relative transmission signal follow the absorbed power
even for a resonant particle. The axial signal deviates
from a Lorenzian profile and broadens up, see Fig. 4a).
7Likewise, the disperse signal of a perfect dielectric be-
comes more complex and exhibits more than a single
zero-crossing. A quick glance at Fig. 5 is enough to see
that the signal shape and magnitude change significantly
over an angular domain which corresponds to twice the
beam’s angle of divergence. Even the sign changes from
positive to negative for zp > 0, see also Fig. 3b). An ac-
curate description of the signal then necessarily requires
Eq. (14). It is in this angular domain where typical trans-
mission setups operate [6].
Considering now the limit of a large numerical aper-
ture detection, such that θmax & 2θdiv, the imagi-
nary part of the complex axial shape function vanishes,
I (A) = 0, while the real part simply becomes R (A) =
1/
[
1 + z2p/z
2
R
]
, see Fig. 4a,c). Further, the incidence
cross-section to be used for normalization is then close
to its limiting value σ
pi/2
inc = piω
2
0/2, corresponding to Pinc
being the total power of the incidence beam. Then,
∆Pd
Pinc
≈ 1
1 + z2p/z
2
R
2k I (α)
piω20
< 0. (21)
This value corresponds to a plane-wave approximation,
σextI0/P0 with I0 being the intensity at the particle’s co-
ordinate, which one could also have tentatively identified
with the paraxial limit discussed before. However, this
result for a resonant particle is too large by a factor of two
as compared to the correct value in the forward direction
given in eq. (20). The reason for this was encountered
in Fig. 3b) or Fig. 4b,c): While most of the power of
the incidence beam is already contained within its angle
of divergence, the interference representing an energy re-
distribution and accounting for the absorption occurs on
an angular scale which is about twice that large. There-
fore, the relative transmission for a resonant particle is
smaller in the forward direction. As σext → σpiext ≈ σpiabs
for small particles, it is the entire energy Pabs absorbed
by the particle which is detected as missing in the beam
propagation direction. For equal illumination and col-
lection angles, θmax ∼ θdiv, as realised for two equal ob-
jectives used in a SMS setup, a systematic difference of
the order of 25% for extracted absorption cross-sections
is expected.
However, for a perfect dielectric particle the extinc-
tion as approximated in eq. (14) vanishes. To correctly
recover the extinction cross-section in this limit, higher-
order terms in the expansion of the dipolar Mie coefficient
a1 (α) must be considered. Alternatively, the energy bal-
ance may be used in the form of −σpiabs = σpisca − σpiext.
The fractional extinction cross-section saturates already
for θmax ≈ 2θdiv at the corresponding value σext →
σpisca + σ
pi
abs, see also Fig. 3b). While the absorption was
considered before in eq. (21) and may vanish, it is then
the scattering contribution which still remains. Thus, the
additional (negative) relative signal for weakly or non-
absorbing particles, now further including direct scatter-
ing in eq. (1) which is of the same magnitude, reads
∆Pd
Pinc
≈ σsca (θmax)− σ
pi
sca
piω20/2
∝ −1
1 + z2p/z
2
R
k4|α|2
ω20
. (22)
The value of k3α determines the collection angle at which
this contribution starts to dominate, see Fig. 4b). The
particle’s contrast is now exceedingly small and ∝ |α|2 ∝
R6 instead of ∝ R3 under small angle detection condi-
tions. Although only the scattering cross-section appears
in the above result, it correctly accounts for the interfer-
ence within the beam’s forward direction. Indeed, due
to destructive interference a cancellation which accounts
for a full scattering cross-section occurs within twice the
beam’s angle of divergence, independent of the dipolar
field structure of the scattered wave. Only the part due
to the fractional scattering cross-section occurs over the
full angular domain. Thereby, effectively the fraction of
the non-collected scattered power within [θmax, pi] is de-
tected missing (in addition to the absorption, Eq. (21)).
Thus, again, the large angle situation corresponds to the
plane-wave calculation if one were to correctly identi-
fied the extinction cross-section with the fractional scat-
tering cross-section for the backward-excluded angular
domain (plus the absorption cross-section). In general,
the relative transmission for a perfect dielectric decreases
with increasing collection angle. Therefore, while an ab-
sorbing particle is best found using the largest detection
aperture possible, a perfect dielectric is best detected
at an offset and using a small collection angle of about
θmax ≈ 0.9θdiv, providing the best signal-to-noise ratio.
f. Generalization of the optical theorem and absorp-
tion measurements The previous discussions may be un-
derstood as a consequence of a generalization of the op-
tical theorem: For plane-wave the theorem states that
the entire physical information regarding the net-energy
balance, that is the absorption and the scattering cross-
section, is contained in the forward field amplitude,
σpiext = 4pik
−2R (S1 (0◦)). A corrected version was shown
to hold also for particles located in the beam-waist at
zp = 0 of a focused on-axis beam [32]. In general, how-
ever, it is the phase of the scattered field relative to the
far-field incidence beam which matters for the interfer-
ence, such that no expression can be expected which only
includes the forward scattering amplitude. The Gouy
phase anomaly necessitates this complication. Instead,
Eq. (19) explicitly includes the NP position in the beam.
Further, In the case of focused beam scattering, ’forward’
now refers to twice the beam’s angle of divergence, i.e.
the range of the beam’s propagation directions. Then
indeed a quantity ∝ σpiabs + σsca ([θmax, pi]), which signi-
fies a meaningful ’extinction’, is detected missing. It is
distinct from both the total extinction cross-section σpiext,
which is devoid of any physical meaning, as well as its
fractional counterpart σext (θmax & 2θdiv) for θ > 2θdiv,
see Fig. 3b). This discrepancy disappears only in the
plane-wave limit θdiv → 0.
8B. Transmission signal for large particles
According to eq. (14), the depth of the relative trans-
mission signals for small particles scales with their vol-
ume. Only for perfect dielectrics and large collection an-
gles the dependence transitions to ∝ R6. Fig. 6 shows
this dependence for AuNPs in the size range of R = 1 nm
up to particles of R = 0.5µm on and off-resonance. The
scaling with the volume of the particles holds well for
particles in the Rayleigh size-regime but breaks down for
larger particles as expected. The calculation of trans-
mission signals via the analytical solutions to σsca and
σext, i.e. eqs. (34) - (36), is only mildly more involved
and correctly accounts for higher excited multipoles. For
metallic particles whose size exceeds the beam waist of
the incident beam, i.e. R > ω0, a saturation is reached
indicating a complete extinction (no transmission). This
is easily understood by a look at the near field under
such conditions, see of Fig. 2b). The entire beam is af-
fected by the particle and the energy is removed from
the forward direction entirely [23]. The majority of the
energy is retro-reflected via the scattered wave. A frac-
tion determined by the Fresnel coefficient for reflection rn
for normal incidence is also absorbed. For plane waves,
this amounts to the geometrical limit σpiext → 2A and
σpiabs → A
[
1− |rn|2
]
with the area being the particles
cross-sectional area A = piR2. For focused illumination
the area is determined by the beam spot size, A = σpi/2inc =
piω20/2. A transparent particle will show a limiting lens-
like behaviour and accordingly ∆Pd/Pinc = 2zp/f [30],
with a focal length f = R [np/nm] /(2 [np/nm − 1]).
C. Off-axis scattering
The previous discussions assumed that the beam waist
ω0 is known, e.g. for extracting the absolute value of the
complex-valued polarizability via eq. (20) and (21). In
order to see how the beam waist ω0 can be measured
in transmission microscopy we continue to consider such
transmission signals in the GLMT. In the most general
case of off-axis scattering the evaluation of the two in-
tegrals for the fractional cross-sections and thereby col-
lected powers involves integrands which are the product
of two double-sums, while the incidence cross-section eq.
(5) can still be used. The corresponding BSCs gmn,TM,TE
for Gaussian beams can be found in Ref. [21, 33] and
many others. Other beams may be considered by using
the corresponding BSCs. The fractional cross-sections
for arbitrary illumination [10, 30] may then again be re-
duced to a form in which only tabulated integrals appear,
see appendix Eq. (43) and (44). For small particles the
following may be found
σext = −k [I (α)R (Ax) +R (α) I (Ax)] . (23)
The complex-valued function Ax (xp) for any axial coor-
dinate zp depends on the lateral particle offset xp, the
10-6
10-5
10-4
10-3
10-2
10-1
100
1 10 100
10
10
10
10
1
100 1000
-1
-2
-4
-3
FIG. 6. Maximum relative signals −min (∆Pd/Pinc) of dif-
ferent sized AuNPs and Gaussian illumination. The red
lines show the results for a beam waists ω0 = 281 nm and
λ = 635 nm, nm = 1.46 for NAd = {0.1, 0.3, 0.5, 0.75, 1.0, 1.3}
(from light to dark red). The red markers show experimental
values for a single sample containing R = 10 nm, R = 20 nm
and R = 30 nm AuNPs for NAd = 0.75. The green lines show
the results for a beam waists ω0 = 233 nm and λ = 532 nm
for the same detection apertures (from light to dark green).
The orange marker shows the experimental data for a beam
waists of ω0 = 315 nm for λ = 635 nm. The inset shows the
signal for transparent microspheres (nm = 1.33, np = 1.59,
ω0 = 250 nm, λ = 532 nm, NAd = 0.05), showing the limiting
geometrical optics lensing behaviour ∝ R−1 at zp = −zR.
beam parameters as encoded in the BSCs and the collec-
tion angle θmax. It determines the lateral shape of the
relative transmission signal. While the real part shows a
simple dip, the imaginary part shows again a dispersive
lateral feature, see Fig. 7a). The weight of each contribu-
tion is determined by the real and imaginary part of the
polarisability, much in the same way as before for the ax-
ial shape, cf. Eq. 14. Only for zp = 0 are the lateral trans-
mission scans are well fitted by a Gaussian function. For
larger particle offsets and especially for small collection
angles the shape deviates significantly from the beam’s
intensity distribution even for resonant particles, see the
thick black dashed line in Fig. 7a and the contours in Fig.
8 (top left). The two constituting two-dimensional detec-
tion volumes are shown in Fig. 8 and summarise the axial
and lateral signal shape characteristics. For the gaussian
beam considered here, particularly complex interference
patterns are observed for large collection angles and per-
fect dielectrics. The above description remains valid also
for the lateral coordinate yp perpendicular to the plane of
9polarisation. While the pattern largely remains the same,
subtle differences appear for tight focusing (large s), such
as a narrowing effect and more pronounced interference
fringes [10]. The reduced width of the transmission signal
pattern along the y-direction reflects the slightly elliptic
intensity distribution |Ei|2 (x, y) in real-space of the fo-
cused Davis beam [24].
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FIG. 7. a) Real (black and gray) and imaginary part (red) of
the lateral detection function Ax (xp). Dashed, solid-dashed
and solid lines correspond to θmax = 0, θdiv and pi/2, re-
spectively. The thick lines are for zp = −zR, the thin gray
lines for zp = 0 (imaginary parts are zero here). b) Rel-
ative axial widths σz/zR and c) lateral widths σx/ω0 of a
R = 30 nm resonant and perfect dielectric particles, beam
parameters as in Fig. 3. The axial widths are defined as
σz =
[
z+p − z−p
]
/2 for the dispersive case (red) and from a
Lorenzian fit ∝ 1/ [1 + z2p/σ2z] for the dip-like case (black
line). The lateral widths are obtained from a Gaussian fit
with ∝ exp (−x2/σ2x) (at zp = z−p and zp = 0, respectively).
D. The spatial extent of the signal
As expected for light microscopy setups, the spatial
extent of a discernible signal around the focal point in-
creases for decreasing collection angle θmax. Fig. 7b)
shows the evolution of the axial extend of the signal.
The red curve depicts the case of a perfect dielectric par-
ticle, where the width is defined via the distance of the
two peaks comprising the dispersive signal shape. It is
seen to decrease monotonically, approximately following
exp
(−θ2max/4θ2div) (dashed line). The black curve shows
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FIG. 8. Real (left column) and imaginary part (right column)
of the detection function Ax (xp/ω0, zp/zR) (Ax (0, zp) = A).
The colour-scale amplitudes are shown in Fig. 4b). The rows
correspond to the collection angles θmax = 0, θdiv and 2θdiv,
respectively (top to bottom). The bottom left plot mirrors
the incident beam’s intensity profile ∝ |Ei|2.
the case of a resonant particle, where the width is defined
via an effective Rayleigh range from a fit to the dip-like
scan. A maximum in the axial width is seen for the case
of θmax ≈ θdiv. The shape of the signal was already de-
picted in Fig. 4a) for the case of maximum and minimum
width.
Evaluating the relative transmission signal at different
lateral offsets xp allows the determination of the lateral
extent of the signal. Fitting a Gaussian ∝ exp (−x2p/σ2x)
at the axial position z−p of least transmission yields the
curves shown in Fig. 4c). In both cases, for the perfect
dielectric (red) and a resonant particle (black), the width
is about σx ≈ ω0, as expected for an interference signal.
This corresponds to the lateral dependence of the electric
field amplitude of the incident beam in the focal region,
eq. (3). Therefore, measuring a lateral scan for a small
collection angle allows for a robust determination of the
beam-waist ω0 necessary for the extraction of absolute
values for the polarizability α. For a resonant particle the
width decays with increasing collection angle until satu-
rating at a lower value σx ≈ ω0/
√
2, corresponding to the
incidence beam intensity profile. The signal width for a
perfect dielectric transitions through lower values until it
reaches the same saturation value, indicating again that
the signal is finally due to scattering only and follows the
intensity profile.
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E. Spectral shift for finite particle offsets
While the placement of a NP on the optical axis is
easily done by adjusting for the maximum relative sig-
nal, it is clear that such a configuration in general does
not correspond to a placement of the particle at the cen-
ter of the beam waist zp = 0 for any real part of the
polarizability R (α) 6= 0. Fig. 9 shows the result of a
spectrum as it would be extracted from transmission for
a small AuNP, i.e. computed without further processing
from the measured signal via −σinc∆Pd/Pinc. For the
situation depicted, the ratio of the collection angle to
the divergence angle of the incident beam has the con-
stant value θmax/θdiv = 0.45. As a consequence, the ex-
tracted extinction cross-section is only a fraction of the
limiting value for plane-wave scattering. The form of the
curve and its resonance peak appears unchanged for a
particle placed at zp = 0, since here the energy redistri-
bution does not contribute to the signal. Accordingly,
the signal follows the absorption which is (partially) de-
tected, whereby the form of the extinction spectrum is
correctly recovered for the small particle. For a place-
ment below or above the focus an apparent resonance
shifts of the order of ±10 nm occur along with a reduc-
tion of the peak width. The observed effect for the gold
NP is a result of the growing importance of the energy
redistribution effect ∝ R (α) with increasing wavelength.
Even for θmax ∼ θdiv shifts of a few nm are expected.
These resonance shifts for finite offsets disappear only
when the collection angle well exceeds the divergence an-
gle. The energy redistribution also leads to an apparent
negative extinction for zp > 0 at wavelengths beyond the
resonance peak. These effects may be of importance if
a white-light transmission setup is used in which chro-
matic aberrations play a role. An additional homoge-
neous broadening of a recorded resonance peak is then
expected and may only be avoided by ensuring that the
collection angle fulfils θmax > 2θdiv.
IV. CONCLUSION
Within the generalized Lorenz-Mie framework a con-
venient set of analytical expressions have been presented
which accurately describe the signal in a transmission mi-
croscopy system. Measuring the relative transmission for
the two limiting cases of small (θmax  θdiv) and large
detection angle (θmax & 2θdiv), i.e. determining eq. (20)
and eq. (21), allows the determination of the real and
imaginary part of a small particle’s complex-valued po-
larizability. In reverse, these expressions predict the ax-
ial signal shapes for a given polarizability and collection
angle, thereby generalizing the results of Ref. [2] to the
practical regime of finite apertures. Further, transmis-
sion microscopy was seen to provides a good estimate for
the plane-wave extinction cross-section of small particles
under conditions where the collection angle exceeds twice
the beam’s divergence angle. For perfect dielectrics, the
wavelength
3x10-15
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1
0
700600500400
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FIG. 9. Plane-wave LM theory extinction spectrum for a
R = 30 nm AuNP (red-dashed, scaled by 1/5) and the mea-
surable signal σext − σsca via eq. (2), from the GLMT for-
malism. Beam parameters are ω0 = 300 nm × λ/635 nm,
nm = 1.46, NAd = 0.3. The thin lines indicate the measur-
able signal for zp = 0.57µm (blue) and zp = −0.57µm (red),
showing apparent resonance shifts of −12 nm and +15nm, re-
spectively. The Lorenzian peak widths are reduced by ≈ 18%
and 16%, respectively.
contrast was seen to vanish due to the intrinsic nature
of an energy redistribution over the same angular scale.
Since our previous studies have shown that the corrected
Gaussian beam well describes even tightly focused beams,
the results are expected to show the general features of
any tightly focused beam.
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V. APPENDIX
A. Spherical field components of Ei and Hi
The following expressions represent the electromagnetic field of the incident beam for on-axis scattering [20]:
Eir = −E0 cosφ
∞∑
n=1
fn
[
1
k
(rjn)
′′
+ kr jn
]
sin (θ) Πn,
Eiθ =
E0
r
cosφ
∞∑
n=1
fn
[
−1
k
(rjn)
′
τn + irjnΠn
]
,
Eiφ =
E0
r
sinφ
∞∑
n=1
fn
[
1
k
(rjn)
′
Πn − irjnτn
]
,
and the magnetic field strength
Hir = −H0 sinφ
∞∑
n=1
fn
[
1
k
(rjn)
′′
+ kr jn
]
sin (θ) Πn,
Hiθ =
H0
r
sinφ
∞∑
n=1
fn
[
irjnΠn − 1
k
(rjn)
′
τn
]
,
Hiφ =
H0
r
cosφ
∞∑
n=1
fn
[
irjnτn − 1
k
(rjn)
′
Πn
]
. (24)
Herein, the arguments of the spherical Bessel functions jn and h
(2)
n are kr, and fn = i
n+1 (−1)nNn gn. These
expressions have been used in their asymptotic form for the fractional cross-section evaluations. To see that indeed
the angular function M (θ) is related to the incidence field one may express the derivative of any spherical Bessel
function via recurrence relations j′n = jn−1 − [n+ 1] jn/z and jn−1 + jn+1 = [2n+ 1] jn/z, as suggested by J.A. Lock
[23]. Successive application of these shows that (zjn (z))
′ = z [jn−1 − njn/z] and (zjn)′′ = n (n+ 1) jn/z − zjn. The
incidence field in the near-forward direction may then be simplified using Πn ≈ τn and the relations eˆx = cos (θ) eˆθ −
sin (θ) eˆφ as well as the asymptotic forms jn → sin (kr − npi/2) /kr and consequently jn + ijn−1 → ini exp (−ikr) /kr.
One finally arrives at:
Ei ≈ −eˆx iE0
kr
exp (−ikr) 1
2
∞∑
n=1
Nngn [Πn + τn] , (25)
for θ  1 and kr  1. Indeed, the function M (θ), eq. (10), introduced in the far field extinction flux is closely related
to the incident beam, i.e. one may write Ei (r) ≈ −eˆx [iE0M (θ)/2] exp (−ikr) /kr. For the Gaussian BSCs the sum
appearing in M may be approximated by the corresponding integral
∫∞
1
dn to find M (θ) ≈ 4θ−2divQ−1, such that in
the far field
Ei (z)→ −eˆxE0zR exp (−ik [z + zp] + ipi/2)
z
. (26)
This expression describes the beam relative to a particle-centered coordinate system, and is consistent with the
paraxial Gaussian field amplitude eq. (3) relative to its beam-waist upon writing 1/ [1− iz/zR] → exp (ipi/2) zR/z.
The Davis beam thus agrees with the paraxial Gaussian beam approximation in the far field and on the optical axis,
whereby the simple dipole concept works in this configuration. For θmax 6= 0 the paraxial beam fails to account for
components in the non-perpendicular directions.
B. Spherical field components of Es and Hs
Similarly, the asymptotic form of the scattered field in the forward direction reads
Es ≈ eˆx iE0
kr
exp (−ikr) 1
2
∞∑
n=1
Nngn [an + bn] [Πn + τn] , (27)
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as can be inferred from the scattered field’s spherical components [20] using the asymptotic form h
(2)
n →
in+1 exp (−ikr) /kr:
Esr = E0 cosφ
∞∑
n=1
fnan
[
1
k
(
rh(2)n
)′′
+ kr h(2)n
]
sin (θ) Πn,
Esθ = −
E0
r
cosφ
∞∑
n=1
fn
[−an
k
(
rh(2)n
)′
τn + ibnrh
(2)
n Πn
]
,
Esφ = −
E0
r
sinφ
∞∑
n=1
fn
[
an
k
(
rh(2)n
)′
Πn − ibnrh(2)n τn
]
,
and the magnetic field strength
Hsr = H0 sinφ
∞∑
n=1
fnbn
[
1
k
(
rh(2)n
)′′
+ kr h(2)n
]
sin (θ) Πn,
Hsθ = −
H0
r
sinφ
∞∑
n=1
fn
[
ianrh
(2)
n Πn −
bn
k
(
rh(2)n
)′
τn
]
,
Hsφ = −
H0
r
cosφ
∞∑
n=1
fn
[
ianrh
(2)
n τn −
bn
k
(
rh(2)n
)′
Πn
]
. (28)
The resulting far field expressions when r → ∞ have been used to compute the detectable power Pd. Twice the
resulting total field’s time-averaged Poynting vector has the radial, polar and azimuthal components (only real parts
considered) EtθH
t∗
φ − EtφHt∗θ , EtφHt∗r − EtrHt∗φ and EtrHt∗θ − EtθHt∗r , respectively.
C. Cartesian components of the Poynting vector
The cartesian representation of the Poynting vector may be obtained from the spherical components as Sz =
cos (θ)Sr − sin (θ)Sθ and Sx,y = sin (θ)Sr + cos (θ)Sθ in the xz-plane (φ = 0) or the yz-plane (φ = pi/2). These
expressions have been used to generate the flow-field and intensity plots in Fig. 2.
D. Fractional cross-sections (analytical)
The following indefinite integrals for the quadratic products of Mie functions are listed in Ref. [27] (B.40 - B.46,
B.42 corrected, B.38):
(I1)
m
n,n′ =
∫ [
m2Πmn Π
m
n′ + τ
m
n τ
m
n′
]
sin (θ) dθ =

− sin2 (θ) [n′ (n′ + 1) τmn Πmn′ − n (n+ 1) Πmn τmn′ ]
n (n+ 1)− n′ (n′ + 1) for n 6= n
′
−n (n+ 1)
2n+ 1
H
m
n + sin
2 (θ) Πmn τ
m
n for n = n
′
(29)
(I2)
m
n,n′ =
∫
[Πmn τ
m
n′ + τnΠ
m
n′ ] sin (θ) dθ = sin
2 (θ) Πmn Π
m
n′ . (30)
For on-axis scattering the angular functions are Πm=1n → Πn and τm=1n → τn, and we write τn (θ) for τn (cos (θ)). The
recurrence relations for the contribution Hmn = H
m
n (θmax)−H
m
n (0) to (I1)
1
n,n of the definite integrals corresponding
to the above Eq. (29) in the range of [0, θmax] read:
Hn ≡H1n, H1 = cos (θmax)
[
3− cos2 (θmax)
]− 2,
Hn+1 =
(n+ 2)Hn
n
+
sin2 (θmax)
n
{
cos (θmax)
[
(n+ 2) Π2n + nΠ
2
n+1
]− 2 (n+ 1) ΠnΠn+1} . (31)
13
For off-axis scattering the corresponding recurrence relation generating all H0≤m≤nn reads (B.43 - B.46):
Hm>1m = [(2m− 1)!!]2
[
cos (θmax) sin
2m (θmax) +
2m
(2m− 1) [(2n− 3)!!]2H
m−1
m−1
]
, H00 = cos (θmax)− 1, (32)
Hm≥0n+1 =
(n+m+ 1)
(n−m+ 1)H
m
n≥m +
sin2 (θmax)
{
cos (θmax)
[
(n+m+ 1) (Πmn )
2
+ (n−m+ 1) (Πmn+1)2]− 2 (n+ 1) Πmn Πmn+1}
(n−m+ 1) .
One finds for the fractional extinction cross-section σext = R (σ
c
ext) on-axis:
σcext =
pi
k2
∞∑
n,n′=1
NnNn′ g
∗
ngn′ [an′ + bn′ ]
∫ θmax
0
[(Πnτn′ + τnΠn′) + (ΠnΠn′ + τnτn′)] sin (θ) dθ (33)
=
pi
k2
{
−
∞∑
n=2
n−1∑
n′=1
NnNn′ [g
∗
ngn′ (an′ + bn′) + g
∗
n′gn (an + bn)]
n (n+ 1)− n′ (n′ + 1) sin
2 (θmax) [n
′ (n′ + 1) τnΠn′ − n (n+ 1) Πnτn′ ]
+
∞∑
n=1
N2n|gn|2 (an + bn)
[
sin2 (θmax) Πnτn − n (n+ 1)
2n+ 1
Hn (θmax)
]
+R∗M [Ra +Rb]
}
. (34)
with RM =
∞∑
n=1
NngnΠn sin (θmax) , Ra =
∞∑
n=1
NngnΠnan sin (θmax) , Rb =
∞∑
n=1
NngnΠnbn sin (θmax) . (35)
The fractional scattering cross-section on-axis reads:
σsca =
pi
k2
∫ θmax
0
∞∑
n,n′=1
NnNn′g
∗
ngn′ [(a
∗
nan′ + b
∗
nbn′) (τnτn′ + ΠnΠn′) + (a
∗
nbn′ + b
∗
nan′) (τnΠn′ + Πnτn′)] sin (θ) dθ
=
pi
k2
{
−2
∞∑
n=2
n−1∑
n′=1
NnNn′R (g
∗
ngn′ [a
∗
nan′ + b
∗
nbn′ ])
n (n+ 1)− n′ (n′ + 1) sin
2 (θmax) [n
′ (n′ + 1) τnΠn′ − n (n+ 1) Πnτn′ ]
+
∞∑
n=1
N2n|gn|2
(|an|2 + |bn|2) [sin2 (θmax) Πnτn − n (n+ 1)
2n+ 1
Hn (θmax)
]
+ 2R (R∗aRb)
}
(36)
The exact beam’s incidence cross-section σinc = R (σ
c
inc) may be written as:
σcinc =
pi
2k2
∫ θmax
0
∞∑
n,n′=1
NnNn′gng
∗
n′
[
(ΠnΠn′ + τnτn′)
(
1− (−1)n+n′
)
+ (Πnτn′ + τnΠn′)
(
1 + (−1)n+n′
)]
sin (θ) dθ
=
pi
k2
sin2 (θmax)
[ ∞∑
n=1
N2n|gn|2Π2n +
∞∑
n=2
n−1∑
n′=1
NnNn′gng
∗
n′×(
ΠnΠn′
[
1 + (−1)n+n′
]
− n
′ (n′ + 1) τnΠn′ − n (n+ 1) Πnτn′
n (n+ 1)− n′ (n′ + 1)
[
1− (−1)n+n′
])]
(37)
For the total incidence cross-section the expression agrees with κ/k2, from Ref. [35] upon using the special values for
Πn (pi/2) = − cos (pi [n+ 1] /2)n!!/(n − 1)!! and τn (pi/2) = − (n+ 1) Πn−1. For off-axis illumination the calculation
is similar. The fractional cross-sections [10, 30] now include the double-indexed BSCs for arbitrary illumination:
σsca =
2∑
i=1
2pi
k2
∫ θmax
0
∑
n,m
(Xi)
m
n
∞∑
n′=n′|m|
(X∗i )
m
n′ sin (θ) dθ,
σcext =
2∑
i=1
2pi
k2
∫ θmax
0
∑
n,m
(Yi)
m
n
∞∑
n′=n′|m|
(X∗i )
m
n′ sin (θ) dθ, (38)
where σext = R (σ
c
ext), the azimuthal order m runs from −n to n and in the last sum n′|m| = max(1, |m|). The
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following notation was hereby introduced:
(Yi)
m
n = Mi1τ
|m|
n +Mi2Π
|m|
n (39)
(X1)
m
n = anM12Π
|m|
n + bnM11τ
|m|
n (40)
(X2)
m
n = anM21τ
|m|
n + bnM22Π
|m|
n (41)
with the recursively computable [10] angular functions τ
|m|
n and Π
|m|
n and the matrix elements(
M11 M12
M21 M22
)
= Nn
(
igmn,TE mg
m
n,TM
gmn,TM img
m
n,TE
)
(42)
The scattering cross-section reads:
σsca =
2pi
k2
∫ θmax
0
∞∑
n=1
n∑
m=−n
(
anM12Π
|m|
n + bnM11τ
|m|
n
) ∞∑
n′=n|m|
(
a∗n′M
′∗
12Π
|m|
n′ + b
∗
n′M
′∗
11τ
|m|
n′
)
sin (θ) dθ
+
2pi
k2
∫ θmax
0
∑
n,m
(
anM21τ
|m|
n + bnM22Π
|m|
n
) ∞∑
n′=n|m|
(
a∗n′M
′∗
21τ
|m|
n′ + b
∗
n′M
′∗
22Π
|m|
n′
)
sin (θ) dθ
=
2pi
k2
∫ θmax
0
∑
n,m,n′
NnNn′
([
ana
∗
n′g
m
n,TMg
m∗
n′,TM + bnb
∗
n′g
m
n,TEg
m∗
n′,TE
] [
m2Π|m|n Π
|m|
n′ + τ
|m|
n τ
|m|
n′
]
+im
[−anb∗n′gmn,TMgm∗n′,TE + bna∗n′gmn,TEgm∗n′,TM] [Π|m|n τ |m|n′ + τ |m|n Π|m|n′ ]) sin (θ) dθ, (43)
apart from numerical errors, σsca is purely real-valued. The extinction cross-section σext = R (σ
c
ext) reads:
σcext =
2pi
k2
∫ θmax
0
∞∑
n=1
n∑
m=−n
(
M11τ
|m|
n +M12Π
|m|
n
) ∞∑
n′=n|m|
(
a∗n′M
′∗
12Π
|m|
n′ + b
∗
n′M
′∗
11τ
|m|
n′
)
sin (θ) dθ
+
2pi
k2
∫ θmax
0
∑
n,m
(
M21τ
|m|
n +M22Π
|m|
n
) ∞∑
n′=n|m|
(
a∗n′M
′∗
21τ
|m|
n′ + b
∗
n′M
′∗
22Π
|m|
n′
)
sin (θ) dθ
=
2pi
k2
∫ θmax
0
∑
n,m,n′
NnNn′
([
a∗n′g
m
n,TMg
m∗
n′,TM + b
∗
n′g
m
n,TEg
m∗
n′,TE
] [
m2Π|m|n Π
|m|
n′ + τ
|m|
n τ
|m|
n′
]
+im
[−b∗n′gmn,TMgm∗n′,TE + a∗n′gmn,TEgm∗n′,TM] [Π|m|n τ |m|n′ + τ |m|n Π|m|n′ ]) sin (θ) dθ. (44)
In both cases the appearing integrals are of the form (I1)
m
n,n′ and (I2)
m
n,n′ . For an efficient computation of a transmission
scan ∆Pd (rp) /Pinc these integrals should be evaluated only once and tabulated along with the scattering coefficients
an and bn and the normalization factors Nn. Only the 2 ×
(
2nmax + n
2
max
)
BSCs gmn,TE (rp) and g
m
n,TM (rp) need to
be evaluated at each position and the triple-sum over n,m, n′ with nmax + 3n2max + n
3
max summands to be evaluated.
E. Small particle limit (on-axis)
For small particles one finds that the fractional scattering cross-section becomes negligible, σsca ≈ 0. Starting from
Eq. (33), and effectively truncating the series in the scattering functions S1,2 at their first term by setting n
′ = 1, one
finds for the fractional extinction cross-section (using τ1 = cos (θmax), Π1 = 1):
σext ≈ pi
k2
R
(
a1
{
3
4
|g1|2 sin2
(
θmax
2
)
[15 + 8 cos (θmax) + cos (2θmax)]
+
3
2
g1 sin
2 (θmax)
∞∑
n=2
Nn g
∗
n
n (n+ 1) Πn [cos (θmax) + 1]− 2 [τn + Πn]
n (n+ 1)− 2
})
(45)
≡ pi
k2
R (6a1A) =
pi
k2
[R (a1)R (6A)− I (a1) I (6A)] = −k [I (α)R (A) +R (α) I (A)] (46)
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wherein A = A (zp, θdiv, θmax) = {. . . } /6 is a function of the particle coordinate zp within the beam via the
coordinate-dependent beam shape coefficients gn (zp), eq. (4). For small collection angles θmax ≈ 0 the sum in
the above expression reduces to
∑
g∗n (2n+ 1) since Πn (0) = τn (0) = n (n+ 1) /2. The term outside the sum
≈ |g1|2θ2max9/2 can then be reabsorbed into it. Using the Gaussian BSCs (4) and defining the axial functions
Zn (zp) = (n− 1) (n+ 2)
[
θ2div/4
] [
1 + z2p/z
2
R
]−1
one then finds the complex-valued function A in the forward direc-
tion as:
A ≈ θ
2
max
4
[
1 + z2p/z
2
R
] ∞∑
n=1
(2n+ 1) exp (−Zn)
[
cos
(
Zn
zp
zR
)
+ i sin
(
Zn
zp
zR
)]
≈ θ
2
max
4
[
1 + z2p/z
2
R
] ( 4
θ2div
+ i
4z2p/z
2
R
θ2div
)
.
(47)
The last approximate equality was achieved by replacing the discrete sums via their corresponding integrals, i.e.∫∞
1
(2n+ 1) exp (−Zn) cos (Znzp/zR) dn and
∫∞
1
(2n+ 1) exp (−Zn) sin (Znzp/zR) dn. This approximation works bet-
ter for the imaginary part and for paraxial beams with θdiv  1, i.e. when the integrand is changing mildly with
increasing n. The real part’s approximation can be improved by taking 1/2 as the lower limit and considering only
the constant value at z = 0, yielding a correction factor of exp
(
5θ2div/16
)
. The real and imaginary part of the axial
function A, eqs. (15) and (16) of the main article, then follow from the above expression (47).
For the largest collection angle θmax = pi the sum in eq. (45) vanishes exactly. This may be seen by noting that
Πn (pi) = (−1)n+1 Πn (0) and τn (pi) = (−1)n Πn (0) (B.12 - B.13) whereby the numerator in the fraction becomes zero.
Therefore, A = |g1|2 is purely real-valued. This limiting behaviour already occurs for collection angles θmax & 2θdiv,
which was verified numerically. Consequently σpiext = −|g1|2kI (α) ≈ σpiabs for absorbing particles. If the polarizability
from the Clausius Mossoti relation αCM is real-valued, then the dipolar Mie coefficient must be expanded up to a1 =
[. . . ] i+k6|αCM|2/36pi2 to find a non-zero real value and consequently the correct fractional extinction coefficient in eq.
(34). Equivalently, the polarizability may be corrected for radiation back reaction via α→ αCM/
[
1 + ik3αCM/6pi
] ≈
αCM − ik3|αCM|2/6pi. Then one finds a value of σpiext = |g1|2k4|αCM|2/6pi ≈ |g1|2σRsca = σpisca which the fractional
cross-section attains for angles θmax & 2θdiv. This also shows that the absorption reads σpiabs = −|g1|2kI (αCM) up
and including terms of order x6.
F. Small particle limit (off-axis)
For off-axis scattering we may set n, n′ → 1 in case of the fractional scattering cross-section, Eq. (43), and for the
extinction cross-section one may consider n′ = 1 at most in Eq. (44). This is equivalent to considering m = {−1, 0, 1}
only. In this case only 2nmax integrals must be evaluated once and 3nmax summands need to be summed up at each
position. Also, b1  a1 ≈ iαk3/6pi such that only the electric dipolar Mie coefficient is relevant. Then:
σext = kR
(
(iα)
∗∑
n
1∑
m=−1
Nn
2
[
gmn,TMg
m∗
1,TM (I1)
|m|
n,1 + img
m
n,TEg
m∗
1,TM (I2)
|m|
n,1
])
(48)
σsca =
k4|α|2
8pi
1∑
m=−1
|gm1,TM|2 (I1)|m|1,1 . (49)
The fractional extinction may then be written as in Eq. (23) of the article if (Ax)
∗ is identified with the double-
sum appearing in Eq. (48). For the scattering cross-section only the following two integrals appear: (I1)
0
1,1 =
[8− 9 cos (θmax) + cos (3θmax)] /12 and (I1)11,1 = [16− 15 cos (θmax)− cos (3θmax)] /12. Noting that the absorption
cross-section for small particles reduces to σpiabs ≈ −kI (α) [2|g−11,TM|2 + 2|g+11,TM|2 + |g01,TM|2], the fractional scattering
cross-section is seen to be no longer proportional to the local beam’s intensity (the square-bracketed term). Only for
θmax = pi (θmax = pi/2) the two integrals reduce to 4/3 (2/3) and 8/3 (4/3), respectively, whereby the proportionality
holds again.
G. On the issue of convergence
The number of multipoles required for convergence of A in eqs. (7) or (14) also depends on the axial coordinate,
requiring more for larger offsets. The BSCs gn of a focused field are seen to decay with a characteristic multipole
order nc. For the Gaussian beam described by the BSCs (4) the critical multipole order is nc ≈ kω0 for the particle
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being in the focus. For larger particle offsets relative to the beam waist the inclusion of even higher multipole orders
becomes necessary to adequately account for the incidence field structure, which is in accord with the observation
that the magnitude of the BSCs |gn (zp) | decays slower for large zp. Independent on the relative particle position, the
situation becomes convergence-wise even worse if near paraxial beams of small divergence are considered. Indeed, even
an incident plane wave requires in its spherical base an infinite sum representation with constant BSCs gn = 1. The
full solid angle integration, however, removes this difficulty and results in the familiar expression of the total extinction
cross-section σext. For the evaluation of the total cross-sections only a single term is required to be accurate to within
less than a percent of the exact value for small particles with x  1. This is a consequence of the orthonormality
of the angular basis functions Πn + τn over the full polar angular domain. Only then, the usual statement [25] can
be made that the maximum multipole order necessary is about nmax = 2 + x + 4.3x
1/3. The observation of the bad
convergence of the extinction integral when the domain of integration is not the entire solid angle is consistent with
the detailed study by M. Berg [29] for plane wave scattering.
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